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Abstract This paper considers the stationary ﬂow of incompressible micropolar ﬂuid through a
thin cylindrical pipe governed by the pressure drop between pipe’s ends. Its goal is to investigate
the inﬂuence of the viscosity coeﬃcients on the eﬀective ﬂow. Depending on the magnitude of
viscosity coeﬃcients with respect to the pipe’s thickness, it derives diﬀerent asymptotic models
and discusses their properties. c© 2011 The Chinese Society of Theoretical and Applied Mechanics.
[doi:10.1063/2.1106204]
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Micropolar ﬂuids are ﬂuids with microstructure.
They belong to a class of ﬂuids with nonsymmetric
stress tensor and represent ﬂuids consisting of a large
number of small spherical particles uniformly dispersed
in a viscous medium. Assuming that the particles are
rigid and ignoring their deformation, Erigen1 proposed
the adequate theory. The related mathematical model
is based on the introduction of new vector ﬁeld, the an-
gular velocity ﬁeld of rotation of particles (microrota-
tion), to the classical pressure and velocity ﬁelds. Corre-
spondingly, one new (vector) equation is added, which
expresses the conservation of the angular momentum.
As a result, a signiﬁcant generalization of the classical
Navier-Stokes model is obtained with four new viscosi-
ties introduced. For that reason, micropolar ﬂuid ﬂow
has been extensively studied both from mechanical2–4
and mathematical point of view.5–9
In this paper, we study the asymptotic behavior
of micropolar ﬂuid ﬂowing through a thin (or long)
straight pipe with constant circular cross section. The
ﬂow is assumed to be governed by the prescribed pres-
sure drop between pipe’s ends. Described model has
relevance to various mechanical and engineering ap-
plications. Due to the complexity of the ﬂow equa-
tions, the exact solution cannot be found, so we intro-
duce the small parameter ε (the ratio between pipe’s
thickness and its length) and employ singular pertur-
bation technique. Such technique was applied for de-
riving, formally, lower dimensional approximations for
ﬂuid ﬂow through thin domains, mostly in theory of
lubrication.10,11 Introducing the so-called fast variable
y = x′/ε describing the fast changes of the solution
on the pipe’s cross-section, the governing problem is
rewritten in the ε-independent domain (see Fig. 1) and
asymptotic expansion in powers of ε is then applied.
Here, in order to explore the eﬀects of the viscos-
ity coeﬃcients, we need to write the governing problem
in non-dimensional form suitable for our analysis. As
a consequence, three important non-Newtonian char-
acteristic parameters appear, namely N0, R
ε
1, and R
ε
2.
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Fig. 1. Rescaling of the domain.
The ﬁrst one N0 characterizes the coupling between the
equations for the velocity and microrotation and is of
order O(1). The remaining two, denoted by Rεi , are re-
lated to the characteristic length of the microrotation
eﬀects and can be compared with small parameter ε.
The objective of this paper is to analyze the inﬂuence of
those micropolar characteristic numbers on the eﬀective
ﬂow. Depending on the magnitude of Rεi with respect to
ε, we identify three possible asymptotic models which
represent our main contribution. The obtained result
could be instrumental for understanding the complex
micropolar ﬂow through a circular pipe, and for cre-
ating more eﬃcient numerical algorithms explicitly ac-
knowledging the microstructure eﬀects on asymptotic
behavior of the solution.
First we formally describe our simple three-
dimensional domain, denoted by Ωˆε. For a unit circle
B = B(0, 1) ⊂ R2 we deﬁne a thin (or long) straight
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pipe with constant circular cross section by
Ωˆε = { (xˆ1, xˆ2, xˆ3) ∈ R3 : 0 < xˆ1 < L,
xˆ′ = (xˆ2, xˆ3) ∈ cB },
where ε = c/L is assumed to be a small parameter. We
denote the ends of the pipe by Σˆεi = {i}× cB, i = 0, L,
and its lateral boundary by Γˆ ε = 〈0, L〉 × c∂B.
It is assumed that our circular pipe Ωˆε is ﬁlled with
incompressible micropolar ﬂuid. The governing equa-
tions express the balance of linear momentum, mass
and angular momentum and in stationary regime they
are
− (ν + νr)Δuˆε + (uˆε∇)uˆε +∇pˆε =
2νrrotwˆ
ε, (1)
div uˆε = 0, in Ωˆε, (2)
− (ca + cd)Δwˆε + I(uˆε∇)wˆε −
(c0 + cd − ca)∇div wˆε + 4νrwˆε =
2νrrotuˆ
ε . (3)
Here uˆε is the velocity ﬁeld, pˆε is the pressure and wˆε
is the microrotation interpreted as the angular velocity
ﬁeld of rotation of particles. The superscript ε is added
in order to stress the dependence of the solution on the
small parameter. Positive constants ν, νr, c0, ca, cd
represent the viscosity coeﬃcients and characterize the
isotropic properties of the ﬂuid: ν is the usual kinematic
Newtonian viscosity, νr is microrotation viscosity, while
c0, ca, cd are coeﬃcients of angular viscosities. Note
that for νr = 0 the conservation law of the linear mo-
mentum becomes independent of the microstructure ef-
fects and Eqs. (1), (2) reduce to incompressible Navier-
Stokes equations. Finally, scalar I > 0 stands for the
microinertia coeﬃcient.
To avoid unnecessary technical diﬃculties, we as-
sume a small Reynolds number and neglect the nonlin-
ear terms (uˆε∇)uˆε and I(uˆε∇)wˆε in Eqs. (1) and (3).
Thus, the following micropolar equations are considered
− (ν + νr)Δuˆε +∇pˆε = 2νrrotwˆε, (4)
div uˆε = 0, in Ωˆε (5)
− (ca + cd)Δwˆε − (c0 + cd − ca)∇div wˆε +
4νrwˆ
ε = 2νrrotuˆ
ε . (6)
The above system should be completed by the bound-
ary conditions: we impose the Dirichlet boundary con-
ditions for the unknown functions, namely
uˆε = 0, on Γˆ ε, e1 × uˆε = 0,
pˆε = qˆi, on Σˆ
ε
i , i = 0, L,
wˆε = 0, on ∂Ωˆε. (7)
Here and in the sequel (e1, e2, e3) denotes the standard
Cartesian basis. By prescribing constant pressures qˆ0,
qˆL (qˆL < qˆ0), we model real physical situation in which
the ﬂow is driven by the pressure drop between pipe’s
ends.
We simplify Eqs. (4)-(6) in a standard way by in-
troducing new dimensionless variables and functions
x1 =
xˆ1
L
, y2 =
xˆ2
εL
, y3 =
xˆ3
εL
,
uε =
uˆε
V0
, wε =
εL
V0
wˆε, pε =
ε2L
V0(ν + νr)
pˆε,
where V0 denotes the characteristic value of the velocity.
Deﬁning three positive dimensionless numbers
Rε1 =
ca + cd
(ν + νr)L2
,
Rε2 =
c0 + cd − ca
(ν + νr)L2
,
N20 =
νr
ν + νr
, (8)
we can rewrite the governing equations in ε-independent
domain
Ω =
{
(x1, y
′) ∈ R3 : 0 < x1 < 1, y′ = (y2, y3) ∈ B
}
as
− Δy′uε − ε2 ∂
2uε
∂x21
+
1
ε
∇y′pε + ∂p
ε
∂x1
e1 =
2N20
[(
∂wε3
∂y2
− ∂w
ε
2
∂y3
)
e1 + roty′w
ε
1−
ε
∂wε3
∂x1
e2 + ε
∂wε2
∂x1
e3
]
, (9)
divy′ u
ε + ε
∂uε1
∂x1
= 0, (10)
− Rε1
(
Δy′w
ε + ε2
∂2wε
∂x21
)
−
Rε2
[
∇y′(divy′wε) + ε ∂
∂x1
(divy′w
ε) e1+
ε∇y′
(
∂wε1
∂x1
)
+ ε2
∂2wε1
∂x21
e1
]
+ 4N20 ε
2wε =
2N20
[
ε2
(
∂uε3
∂y2
− ∂u
ε
2
∂y3
)
e1 + ε
2roty′u
ε
1−
ε3
∂uε3
∂x1
e2 + ε
3 ∂u
ε
2
∂x1
e3
]
. (11)
We employ the following notation for the partial diﬀer-
ential operators
divy′v =
∂v2
∂y2
+
∂v3
∂y3
,
Δy′v =
∂2v
∂y22
+
∂2v
∂y23
, vi = v · ei,
∇y′v = ∂v
∂y2
e2 +
∂v
∂y3
e3,
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roty′v =
∂v
∂y3
e2 − ∂v
∂y2
e3 .
We analyze Eqs. (9)–(11). First, let us observe that
the leading equation in the above system is, in fact, the
angular momentum equation (11). Indeed, the charac-
teristic number N20 = νr/(ν + νr) is of order O(1) and
comparing it with small parameter ε would be mean-
ingless. On the other hand, numbers Rεi , appearing ex-
clusively in Eq. (11), can be compared with ε leading to
diﬀerent asymptotic behaviors depending on their order
of magnitude. More precisely, if we only consider the
ﬁrst term in Eq. (11) and neglect the lower order terms
(by doing that, we determine the zero-order approxima-
tion), we deduce three possible asymptotic situations
(1) Rεi  O(ε2), i = 1, 2;
(2) Rεi 	 O(ε2), i = 1, 2;
(3) Rεi = O(ε2), i = 1, 2;
In the following, we treat separately each case and
discuss the properties of the corresponding asymptotic
models.
Case 1: Classical Poiseuille ﬂow.
First situation occurs when Rεi = λiε
β , with β > 2.
Here and in the sequel we suppose that λi (i = 1, 2)
are positive constants independent of ε. Equation (11)
gives
ε2 : 4N20w
ε = 2N20
[(
∂uε3
∂y2
− ∂u
ε
2
∂y3
)
e1+
roty′u
ε
1] , in Ω,
implying
wε =
1
2
[(
∂uε3
∂y2
− ∂u
ε
2
∂y3
)
e1 + roty′u
ε
1
]
. (12)
Equations (9)-(10) yield
ε−1 : ∇y′pε = 0, in Ω, (13.1)
1 : − Δy′uε + ∂p
ε
∂x1
e1 =
2N20
[(
∂wε3
∂y2
− ∂w
ε
2
∂y3
)
e1 + roty′w
ε
1
]
, in Ω,
(13.2)
1 : divy′u
ε = 0, in Ω . (13.3)
From Eq. (13.1), we immediately conclude that pε =
pε(x1). Applying Eq. (12) to Eq. (13.2), we get the
following system for the velocity/pressure
(1−N20 ) Δy′uε1 − dpε/dx1 = 0,
Δy′u
ε
2 +N
2
0
(
∂2uε3/∂y2∂y3−
∂2uε2/∂y
2
3
)
= 0,
Δy′u
ε
3 +N
2
0
(
∂2uε2/∂y2∂y3−
∂2uε3/∂y
2
2
)
= 0, divy′u
ε = 0 . (14)
Combining it with boundary conditions for the velocity
and pressure, namely
uε = 0, on Γ = 〈0, 1〉 × ∂B,
pε = qi, on Σi = {i} ×B, i = 0, 1,
where q0 = ε
2Lqˆ0/[V0(ν + νr)] and q1 = ε
2LqˆL/[V0 (ν+
νr)], we obtain
uε(y′) =
q0 − q1
4(1−N20 )
(
1− |y′|2) e1,
pε(x1) = q0 + (q1 − q0)x1 . (15)
Going back to real velocity by taking into account that
uε =
uˆε
V0
, N20 =
νr
ν + νr
, y′ =
xˆ′
c
,
with c = εL being pipe’s radius, we obtain
uˆε(xˆ′) =
qˆ0 − qˆL
4ν L
(
c2 − |xˆ′|2) e1 . (16)
This is the classical Poiseuille solution (stationary
Navier-Stokes system describing the Newtonian ﬂow in
a straight circular pipe with impermeable walls gov-
erned by the prescribed pressure drop has a solution
in the form of Eq. (16).) and we observe no inﬂuence
of microstructure on the ﬂuid velocity in zero-order ap-
proximation. Nevertheless, Poiseuille ﬂow can be cor-
rected by a lower-order term containing those eﬀects:
for a given β > 2, one can compute correctors in the ex-
plicit form by considering the terms with higher powers
of ε in the system Eqs. (9)-(11).
Case 2: Modiﬁed Poiseuille ﬂow.
Assume now that Rεi = λiε
β , β < 2. From Eq. (11)
we deduce the following problem for the microrotation
εβ : λ1Δy′w
ε + λ2∇y′(divy′wε) = 0, in Ω,
wε = 0, on Γ = 〈0, 1〉 × ∂B, (17)
leading to wε = 0. The system for the velocity/pressure
is given by
ε−1 : ∇y′pε = 0, in Ω,
1 : − Δy′uε + ∂p
ε
∂x1
e1 = 0, divy′u
ε = 0, in Ω,
uε = 0, on Γ . (18)
Taking into account the pressure boundary condition,
we can solve the above system by
uε(y′) =
q0 − q1
4
(
1− |y′|2) e1,
pε(x1) = q0 + (q1 − q0)x1, (19)
implying
uˆε(xˆ′) = (1−N20 )
qˆ0 − qˆL
4ν L
(
c2 − |xˆ′|2) e1 . (20)
Again, we obtained a Poiseuille-type solution, however,
in this case it is modiﬁed by the constant factor (1−N20 ).
Since N20 = νr/(ν + νr), we conclude that the eﬀects
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of microrotation are presented to some extent even in
zero-order approximation when β < 2. As in Case 1,
the correctors containing microstructure eﬀects can be
constructed.9
Case 3: Strong coupling.
So far, the problems for microrotation and velocity
have been either fully decoupled (β < 2) or weakly
coupled (β > 2). As shown by the previous discussion,
it enables us to compute explicitly the zero-order
approximation (and correctors) clearly indicating the
microstructure eﬀects on the ﬂow. Between those two
cases, there exists a critical case (β = 2) leading to
a strong coupling between velocity and microrotation
even in zero-order approximation. Indeed, assuming
that Rεi = λiε
2 (i = 1, 2), from Eqs. (9)–(11) we deduce
ε2 : − λ1Δy′wε − λ2∇y′(divy′wε) + 4N20wε =
2N20 [(∂u
ε
3/∂y2 − ∂uε2/∂y3) e1 + roty′uε1] ,
1 : − Δy′uε + dp
ε
dx1
e1 =
2N20 [(∂w
ε
3/∂y2 − ∂wε2/∂y3) e1 + roty′wε1] ,
1 : divy′u
ε = 0. (21)
Since the above equations are strongly coupled and
posed in three-dimensional domain Ω, they cannot be
solved analytically, as we managed in Cases 1 and 2.
The best we can do is to employ the so-called weak
convergence method and prove that the original solu-
tion converges weakly in L2(Ω) to the approximation
given by Eqs. (21). The main idea is to derive uniform
estimates of the original solution to the rescaled prob-
lem and then pass to a limit when ε → 0 in the corre-
sponding weak formulation. Consequently, one should
be able to obtain the corresponding limit functions sat-
isfying Eqs. (21). Such procedure is rather technical
and, from the mechanical point of view, it provides no
additional information about the asymptotic solution
in the critical case. For that reason, we shall omit the
details and just mention that described approach has
been employed by Bayada et al.6,7 for treating some
two-dimensional problems naturally arising in lubrica-
tion theory (Lubrication is concerned with the behavior
of a viscous ﬂuid (lubricant) ﬂowing through a narrow
gap and driven by the motion of one of the boundaries.
In Bayada et al.,5,6 various generalized versions of the
classical Reynolds equation are rigorously obtained by
means of the weak convergence method.).
We give some important remarks regarding the con-
sidered problem and its possible generalizations.
Remark 1: Rigorous justiﬁcation.
Three available asymptotic models describing mi-
cropolar ﬂow through a thin circular pipe have been
derived. Though the derivation is formal, it provides
an excellent platform for understanding the direct in-
ﬂuence of the viscosity coeﬃcients on the eﬀective ﬂow.
However, from the strictly mathematical point of view,
formally derived models should be rigorously justiﬁed
by proving some kind of convergence of the original
solution (which we cannot ﬁnd) towards the asymp-
totic one. In Cases 1 and 2 (in which we are in posi-
tion to obtain the approximation in the explicit form),
we can proceed by using the approach7,9 and prove
the satisfactory error estimates in the rescaled norm
|Ωε|−1/2 ‖ · ‖L2(Ωε). Unfortunately, in Case 3 we cannot
obtain the convergence in the strong topology of L2(Ω)
due to the strong coupling between velocity and micro-
rotation. As described above, we can use the weak con-
vergence technique providing that the original solution
converges weakly in L2(Ω) to the asymptotic solution
satisfying Eq. (21).
Remark 2: The ε-independent coeﬃcients.
In the paper written by Dupuy et al.7 the authors
rigorously derive the asymptotic model for two dimen-
sional (2D) micropolar ﬂow through a periodically con-
stricted tube. Although 2D setting (in which the micro-
rotation is a scalar function) has often been employed,
(especially in blood motion modelling), it represents
only the ﬁrst step to more realistic 3D setting. For that
reason, in Ref. 9, 3D ﬂow through a straight pipe with
variable cross-section has been rigorously considered. In
both papers no assumptions are made on the viscosity
coeﬃcients (i.e. they are assumed to be independent of
ε) leading to Case 2 (Rεi = O(1)) and decoupled prob-
lems for zero-order approximation.
Remark 3: Boundary conditions and layers for the
microrotation.
The boundary conditions for the velocity and pres-
sure as shown in Eq. (7) are physically clear and justi-
ﬁed. However, there exists no general agreement about
the type of the boundary condition one should set for
microrotation. Using zero Dirichlet boundary condi-
tion as shown in Eq. (7) seems to be a common prac-
tice, since not much has been done in proving the well-
posedeness of the corresponding boundary-value prob-
lems for other types of boundary conditions.
In Case 1, the zero-order approximation for the
microrotation was computed to satisfy Eq. (11) and
boundary condition on the lateral boundary Γ , while
the conditions at pipe’s ends Σi were neglected (see
Eq. (12)). To ﬁx that, one could introduce the appro-
priate boundary-layer correctors as in Ref. 9. However,
their inﬂuence is only present in some small boundary
layer in the vicinity of pipe’s ends and they do not aﬀect
the macroscopic behavior of the ﬂow (i.e. they would
only serve for the convergence proof).
Remark 4: Curved-pipe ﬂow.
There exists a considerable theoretical interest for
curved-pipe ﬂows due to secondary ﬂow induced by the
pipe’s distortion. Recently, an eﬃcient technique for
treating curved geometries has been introduced and ap-
plied for various regimes of the ﬂow. It relies on the
introduction of the appropriate reference system: clas-
sical Frenet’s system consisting of tangent, normal and
binormal, or Germano’s (orthogonal) system in which
the polar angle ϕ is referred to a rotated unit vec-
tor (nα, bα) (see Fig. 2). After writing the governing
problem in curvilinear coordinates, we perform rigorous
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Fig. 2. Germano’s reference system.
asymptotic analysis to ﬁnd the asymptotic behavior of
the ﬂow.13–15 Same approach can be used to extend the
analysis presented here to a case of a circular pipe with
an arbitrarily curved central line. In described general-
ization, besides the microstructure eﬀects, we are par-
ticularly interested in detecting the eﬀects of pipe’s ﬂex-
ion and torsion on the asymptotic behavior of the ﬂow.
The case of ε-independent viscosity coeﬃcients has been
rigorously considered in Ref. 15 (see also Ref. 9 for 2D
ﬂow).
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